Abstract. The Hochschild homology of the algebra of pseudodifferential operators on a manifold with fibered cusps, introduced by Mazzeo and Melrose, is studied and computed using the approach of Brylinski and Getzler. One of the main technical tools is a new convergence criterion for tri-filtered half-plane spectral sequences. Using trace-like functionals that generate the 0-dimensional Hochschild cohomology groups, the index of a fully elliptic fibered cusp operator is expressed as the sum of a local contribution of Atiyah-Singer type and a global term on the boundary. We announce a result relating this boundary term to the adiabatic limit of the eta invariant in a particular case.
Introduction
Let X be a compact manifold whose boundary ∂X is the total space of a locally trivial fibration ϕ : ∂X → Y of closed manifolds. In contrast to the case of closed manifolds, a great number of algebras of pseudodifferential operators can naturally be associated to this geometric situation. To list a few of them, recall that Richard Melrose introduced a concept of geometric micro-localization that associates to certain classes of Lie algebras V of vector fields on X algebras of pseudodifferential operators; the Lie algebra V is then also called a boundary fibration structure [26] , [30] . The corresponding pseudodifferential calculus Ψ * V (X) contains the universal enveloping algebra Diff * V (X) of V, the V-differential operators, as a subalgebra, and V-elliptic (pseudo)differential operators (a notion that has a natural meaning in the context of boundary fibration structures) can be inverted within Ψ * V (X) up to operators of order −∞. Possible candidates for boundary fibration structures on our manifold X are, for instance, (1) V e (X) := {V ∈ C ∞ (X, T X) : V is tangent to the fibers of π at ∂X} (edge-structure), V de (X) := N V e (X) (double-edge structure), V e (X) := N V e (X) ( -fold-edge structure),
where N : X → R + is a defining function for ∂X, i.e., ∂X = { N = 0} and d N does not vanish on ∂X. Note that the fibered cusp structure V Φ (X) depends slightly on the choice of the boundary defining function. This dependence is discussed in more detail in [23] . Corresponding pseudodifferential calculi were constructed and studied in [22] (edge-structure), [17] , [32] (double-edge structure), and [23] , [31] (fibered-cusp structure). A pseudodifferential calculus for the -fold edge structure has been considered so far only for the very special case π = id : ∂X → Y and = 2, under the name quadratic scattering structure [46] . The reader can easily invent more Lie algebras that might introduce boundary fibration structures, but one should be warned that it is not at all straightforward (and sometimes even impossible) to establish the additional properties that ensure the existence of a pseudodifferential calculus. For more details, we refer to [26] , [32] and the forthcoming book [25] .
It is worth noting that by integrating appropriate Lie algebroids as Nistor did in [39] and using general groupoid techniques, (slightly smaller) pseudodifferential calculi associated to many interesting boundary fibration structures can be constructed simultaneously. We refer to the survey [18] for many examples of this construction.
To give an idea of how the different boundary fibration structures in (1) look locally, we use coordinates (x, y, z) ∈ R + ×R n y ×R m z in a local product decomposition near the boundary, where x is the restriction of the boundary defining function N , y is a set of variables on the base Y lifted through ϕ, and z are variables in the fiber. Then any vector field in one of the boundary fibration structures from (1) can be written locally as a linear combination over C ∞ (X) of the following basic vector fields: (2) x∂ x , x∂ y , ∂ z (edge-structure), x 2 ∂ x , x 2 ∂ y , x∂ z (double-edge structure), x +1 ∂ x , x +1 ∂ y , x ∂ z ( -fold-edge structure), x 2 ∂ x , x∂ y , ∂ z (fibered-cusp structure).
In the present paper we compute the Hochschild homology and study its relation to index problems for the fibered cusp calculus, i.e., the pseudodifferential calculus associated to the fibered cusp structure. Starting with the work of Wodzicki [43] , [44] , [45] and Brylinski and Getzler [3] , [4] on Hochschild and cyclic homology of (pseudo)differential operators and on non-commutative residues and Euler classes, homology of pseudodifferential operators has attracted much attention, not only because of its relation to index problems as explained for instance in [34] or [15] , [16] , but also because of its connections to the non-commutative geometry of Alain Connes [6] . Indeed, algebras of pseudodifferential operators are non-commutative algebras naturally associated to (singular) geometric situations (boundary fibration structures), and there are good reasons to expect that the study of invariants of these non-commutative algebras will reveal information about the geometry and help us to understand what a non-commutative manifold (possibly with singularities) is supposed to be [7] .
The interest in the fibered cusp calculus originally introduced in [23] , [31] has grown considerably since Nye and Singer [38] used this pseudodifferential calculus to prove an L 2 -index theorem for Dirac operators on S 1 × R 3 , and Vaillant [42] applied the fibered cusp calculus to study spectral and index theory for Dirac operators on manifolds with generalized fibered cusps that occur for instance when compactifying rank one locally symmetric spaces [36] .
From (2), we see that the fibered cusp structure interpolates between two interesting boundary fibration structures on manifolds with boundary, namely the The following diagram summarizes the situation, where the horizontal and vertical sequences are exact: A ∂,σ we use the same approach as Brylinski and Getzler in [4] , and obtain, for k ∈ N 0 and with N := dim X,
where H * rel (resp. H * abs ) stand for the relative (resp. absolute) de Rham cohomology of a compact manifold with boundary. The fibered cusp cosphere bundle Φ S * X shows up naturally in the analysis of the fibered cusp calculus and is in fact diffeomorphic to the usual cosphere bundle S * X, though not naturally. However, even though the idea of the computation is the same as in [4] , namely to use an appropriate form of symplectic duality to identify the d 1 in the spectral sequence, convergence of the spectral sequence is an issue that is often neglected, and we spend some time to give the complete argument. In fact, we are naturally led to consider tri-filtered differential complexes, where the filtration indices run in Z. In this setting convergence issues become very complicated, although it is rather satisfactory that they can be affirmatively answered. We give a general criterion for convergence which might well be applied in other situations.
More surprising is the computation of the homology of the boundary ideal 
where, for simplicity, we have assumed that the base Y of the fibration is orientable; the general case is obtained in Theorem 4.6 using cohomology with coefficients in the orientation bundle. The homology of the fibered cusp boundary algebra follows then from a long exact sequence that we describe explicitly in geometric terms (Proposition 6.1, Theorem 6.2).
Starting from a different approach using differentiable groupoids, Benameur and Nistor [2] developed a very general machinery that computes, when specializing to our setting, the E ∞ term in the spectral sequence of the Hochschild homology of the symbolic algebra Φ A σ . Finally, note that computing Hochschild homology for algebras of pseudodifferential operators is not restricted to the algebras mentioned above: for instance, the Hochschild homology for Boutet de Monvel's algebra on a compact manifold with boundary has been computed by Nest and Schrohe [37] ; the second author has computed the homology for the adiabatic limit algebra [35] .
The second part of the paper is devoted to residue functionals, traces and index formulas for the fibered cusp calculus. As in [14] or [34] , we introduce several linear functionals on Ψ Z,Z Φ (X) that descend to traces on some of the ideals and quotients considered above by taking appropriate coefficients in the Laurent expansion of the meromorphic extension Z N ,Q (A) of the double-zeta function
is a fixed elliptic, symmetric, strictly positive operator. Using these functionals, we can give a formula for the index of Fredholm operators A in the fibered cusp calculus that extends the Atiyah-PatodiSinger formula for closed manifolds in the form [34] to the fibered cusp calculus:
Here AS(A) is given in terms of Hochschild homological functionals that depend only on the symbolic behavior of the operator A but still involve an inverse of A up to trace class remainders, while lim a η(A) is a term that depends only on the behavior of A near the boundary. The term AS(A) can be linked to the asymptotics of the heat kernel [13] . The notation lim a η(A) is motivated by the fact that in the special case Y = S 1 and A a differential operator with a Dirac-type decomposition near the boundary, the non-local boundary contribution to the index can be identified as the adiabatic limit of the eta invariant of the "restriction to the boundary" of A. This result is developed in [13] .
The paper is organized as follows: In Section 2 we review some basic facts about the fibered cusp calculus; Section 3 is devoted to the construction of the morphism 
is described in Section 6 in geometric terms. In Section 7 we introduce and study various trace-like functionals on the fibered cusp calculus that generate the 0-dimensional Hochschild homology groups. As in [16] , [14] , [34] , these functionals can be used to derive an index formula for fully elliptic fibered cusp operators. The formula is presented in Section 8.
The paper contains two appendices. In Appendix A, for the convenience of the reader, we review the definition of Schwartz (resp. symbolic) sections of vector bundles. Appendix B contains the definition of the Hochschild chain spaces for topologically filtered algebras in the sense of [2] , and a general criterion for the convergence of the spectral sequence associated to a tri-filtered complex, which is applied in the body of the paper to the Hochschild complexes of the symbol and boundary Φ-algebras.
As usual, we write S [m] (V ) for the space of all smooth functions V \ {0} → C of a vector bundle V that are positively homogeneous of degree m ∈ C.
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Review of the fibered cusp calculus
In this section we review basic properties of the fibered cusp calculus. For details and most of the proofs we refer to [23] , [31] , and [42] .
The fibered cusp structure space. Throughout this paper, X = X N stands for a smooth, compact manifold with boundary ∂X that is the total space of a locally trivial fibration ϕ : ∂X → Y = Y n of closed manifolds. For simplicity, let us assume that ∂X is connected; so the fibers of ϕ are all diffeomorphic, say to a closed manifold F = F m . For the dimension N of X we thus have N = n + m + 1. Furthermore, we fix a boundary defining function N : X → R + for ∂X, i.e., N is a smooth function such that ∂X = { N = 0} and d N = 0 at ∂X.
Let V e (X) be the Lie algebra of all edge vector fields, i.e., all smooth vector fields on X that are tangent to the fibers of ϕ at the boundary [22] . Then the vector fields in
are called fibered cusp or simply Φ-vector fields. Note that the definition of the Lie algebra V Φ (X) depends slightly on the choice of the boundary defining function N [23] . To give a local description of Φ-vector fields near the boundary, let
be coordinates of a local product decomposition near the boundary, i.e., x = N | U , y are variables on the base Y lifted through ϕ, and with z corresponding to coordinates on the fiber F . Then V ∈ V Φ (X) is of the form
with coefficients a, b j , c k smooth up to x = 0. Thus, by the Serre-Swan theorem there exists a smooth vector bundle Φ T X → X together with a map ι Φ : Φ T X → T X of vector bundles over X such that
We call Φ T X the Φ-tangent bundle, and its dual Φ T * X the Φ-cotangent bundle. Note that the compactness of X is not necessary for the existence of the Φ-tangent bundle Φ T X. In the special case when the fibration ϕ = id : ∂X = Y → Y is trivial, Φ-vector fields are also known as scattering vector fields [28] ; accordingly, in that case the Φ-tangent bundle is called the scattering tangent bundle, and we write Φ T X = sc T X. By the very definition, the restriction of the canonical map ι Φ :
Φ T X → T X and its dual ι * Φ : T * X → Φ T * X to the interior X 0 := X \ ∂X are isomorphisms. Thus, the canonical symplectic form ω on T * X| X0 can be pushed forward to a singular closed 2-form ω Φ on Φ T * X| X0 giving Φ T * X| X0 the structure of a symplectic manifold. With respect to local coordinates (x, y, z) as in (4) , and the associated local coordinates (x, y, z, ξ, η, ζ) on Φ T * X| U , ω Φ is given by
Let us denote the kernel of the map ι Φ | ∂X :
Φ N ∂X is locally generated by the vector fields x 2 ∂ x and x∂ y ; hence, Φ N ∂X is a vector bundle over ∂X. Let V ∂X → ∂X be the vertical tangent bundle, i.e., the kernel of the differential T ϕ : T ∂X → T Y . Then we have the following short exact sequence of vector bundles over ∂X: 
is well-defined, does not depend on the choice of local coordinates, and makes the following pull-back diagram commutative.
The fibered cusp double space. For the definition of the fibered cusp calculus we need a compact manifold with corners that is obtained by blowing up a sequence of p-submanifolds of the product X 2 . For the concept of blowing up p-submanifolds we refer for instance to [10] , [28] and the forthcoming book [25] .
Let β 
is called the fibered cusp or briefly the Φ-double space. It is a compact manifold with corners up to codimension two. Let ∆ ⊆ X 2 be the diagonal. Then the
Φ is said to be the lifted diagonal, and the boundary face ff Φ of X 2 Φ that meets the diagonal is called the fibered cusp or simply Φ-front face. The Φ-front face is of great importance for understanding the properties of the fibered cusp calculus near the boundary. As explained in [23] , [42] , ff Φ is canonically diffeomorphic to
If necessary, we use local coordinates
With respect to the decomposition (7) of the Φ-front face ff Φ , the variables S ∈ R S and U ∈ R n U then correspond to the linear variables in the fibers of Φ N Y .
The Φ-density bundle. Finally, for a density bundle that is adapted to the fibered cusp calculus, apply the smooth functor Ω α of α-densities to the Φ-cotangent bundle Φ T * X to obtain the bundle Φ Ω α (X) of Φ-α-densities. The choice of local product coordinates as in (4) 
) . Here, as usual, ff Φ : X 2 Φ → R + stands for a defining function of the Φ-front face ff Φ .
The fibered cusp calculus. The fibered cusp calculus is defined by characterizing the singularities of the Schwartz kernel associated to a bounded linear operator induces via pull-back and duality an isomorphism
We call the image κ A of k A under this isomorphism the lifted Schwartz kernel of A. 
Composition of operators leads to a bilinear map
Φ (X) the bi-filtered algebra structure already considered in the introduction; in the sequel we use the notation introduced therein. We emphasize the negative sign in the definition of the second filtration, whose purpose is to make both filtrations increasing.
The filtration by the order of vanishing at the boundary on the algebra Ψ Z,Z Φ (X) induces in particular filtrations on
with quotients
As above, we let A σ , and we use the corresponding notation without any further comments. The usual symbol map for conormal distributions together with the fact that the density bundle of Φ T * X is canonically trivialized by the symplectic form leads to the principal symbol map for the fibered cusp calculus,
which is multiplicative in the obvious sense. Let Φ T * X be the radial compactification of the Φ-cotangent bundle Φ T * X in the sense of Appendix A. Then the choice of a defining function . For a precise definition we refer to [23] . The family N Φ (A) is called the normal operator of A, and N Φ induces a family of short exact sequences 
Fourier transform along the fibers of Φ N Y , i.e., with respect to the variables S and U in (8), transforms a family
for the corresponding space of operators, and N 
Then we have, up to a density factor in the y-variable,
denotes the space of parameter-dependent or suspended pseudodifferential operators of order M on F in the sense of [40] -see for instance also [9] , [19] , [21] or [29] for the one-dimensional case.
of unity in F identifies P (up to operators of order −∞) with a finite sum of families of the form p(y, z, D z , ξ, η) for some compactly supported classical symbols
). In the sequel we use these equivalent pictures of the normal operator simultaneously. 
that vanishes to infinite order at the boundary, i.e., we have
Here we have used the identification ff
2 together with the projection X 2 → X onto either the left or the right factor identifies ∆ Φ ∩ ff Φ with ∂X. On the other hand, ∆ Φ ∩ ff Φ corresponds under the diffeomorphism (7) to
and we have canonical isomorphisms
where (11) follows from the fact that the normal direction to the boundary in
leads to a canonical trivial factor in the fiber half-density
Thus, we can integrate h| ∂X over ∂X = ∆ Φ ∩ ff Φ and obtain a map
. Indeed, by a partition of unity in Y we can assume that the family
Tr h(y)(ξ, η) dη dξ dy, where Tr stands for the usual operator trace on operators on the fiber F . In particular, we see that Tr vanishes on commutators because Tr has this property. Moreover, by gluing the local pieces together we obtain the following form of Tr: (12) Tr :
where
is the canonical trace on the space of suspended operators on the fiber ϕ −1 (y). For the one-suspended case the canonical trace Tr was first considered in [29] .
Moreover, by (12) or directly from the definition of Tr we see that Tr extends to
Commuting fibered cusp operators with log
N . Since A ∈ Ψ m,k Φ (X) as well as log N act as bounded operators onĊ ∞ (X, Φ Ω 1/2 ), we can consider their commutator [A, log N ] :Ċ ∞ (X, Φ Ω 1/2 ) →Ċ ∞ (X, Φ Ω 1/2 ).
Lemma 2.2. The commutator with log N yields a map
Proof. Multiplication with log N is a local operator; hence we can restrict ourselves to operators A with lifted Schwartz kernel κ A supported in a coordinate patch of X 2 Φ . Let us first assume that this patch is close to the intersection of the lifted diagonal ∆ Φ with the fibered-cusp front face ff Φ .We use local coordinates (r, S, U, y z, z ) as in (8) The scattering calculus. As a rule, whenever the fibration ϕ : ∂X → Y is the identity map, i.e., whenever the fiber of ϕ is a point, we replace the identifier Φ with sc and talk about scattering instead of fibered cusp.
Scattering and Φ-operators of order −∞
We are going to show that for small ε > 0 there exists a non-natural injective algebra homomorphism from smoothing scattering operators on Y ε to the algebra of smoothing fibered cusp-operators. This morphism Θ will be used in Section 4 to compute the Hochschild homology of the smoothing boundary ideal 
Φ is an open neighborhood of the front face ff Φ , and for k ∈ C we can define 
is a locally trivial fiber bundle with fiber type F . As above, for k ∈ C, let us define the compactly supported, smoothing scattering operators on Y ε by
sc is the scattering double space, ff sc the scattering front face of (Y ε ) 
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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We define
Before showing that the map Θ ε is multiplicative, recall that the lifted Schwartz kernel κ AB of the composition of two fibered cusp operators A and B can be computed using a triple version X 3 Φ of the Φ-double space X 2 Φ . This space is a compact manifold with corners that comes equipped with three b-fibrations
where we have used the following projections:
Using pull-back and push-forward under these b-fibrations, we obtain, up to a density factor,
The Φ-triple space X 3 Φ has been constructed in [23] , [42] in detail. Similarly, we can deal with the composition in the scattering calculus using the scattering triple space -for the triple space construction we refer to [28] .
sc ) be the fibered cusp (resp. scattering) triple space of U ε (resp. Y ε ), and denote by π
sc with fiber type F 3 , and the following diagram is commutative:
Most important for us is the fact that the family of linear maps
is compatible with the composition of operators.
Proof. It suffices to show that Θ ε is multiplicative. We use the triple space construction and (15) for the kernel of the composition of two operators. Using the commutativity of (16), we obtain
Recall the definitions
Note that the algebra sc I ∂ does not depend on the particular choice of ε > 0. By (14) , the family of linear maps
Corollary 3.2. The map Θ :
4. The generalized Hochschild-Kostant-Rosenberg map and the homology of the smoothing boundary ideal
We refer to Appendix B for a review of topological Hochschild homology and for a summary of the notation that we are going to use in the sequel.
The algebra map Θ constructed in Section 3 induces a map of complexes with the same name between the Hochschild complexes
compatible with the boundary filtration. We will use this map to compare the two spectral sequences constructed with respect to this filtration. In fact, we get an isomorphism at ∂ E 0 ; together with the convergence of the two spectral sequences, this implies that Θ induces an isomorphism on Hochschild homology.
The graded algebra
is naturally isomorphic to the commutative algebra of Laurent polynomials in x with coefficients Schwartz functions on Φ N * Y . Thus, the Hochschild-Kostant-Rosenberg map HKR induces an isomorphism from the Hochschild homology of
to the space of forms (17) . At the same time, Θ induces a map between the Hochschild complexes of
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Our plan is to construct a map K :
making the diagram (17) commutative and inducing an injection of HH * (
The existence of K with the above properties will show that Θ becomes an isomorphism on HH(
∂ ). In this section we will only use K on chains in C k (
∂ ), but in Section 6 it will be crucial to apply K on certain chains in the full graded boundary algebra
∂ ; so we give here the general construction.
In order to define K we must first construct a covariant derivative on
. Let us explain this notion. Consider the sheaf of rings Pol(
where the R factor corresponds to the variable x. Consider the sheaf
is then defined as a map of sheaves
-linear in the first argument and a derivation in the second. More precisely, 
The elements of the algebra 
fiber ). This defines a faithful action of
by duality: . In the scattering case, the definition of ∇ V is independent of choices; so we write it simply as V . There exists a formula relating the algebra map Θ from Section 3 with ∇.
Proposition 4.2. Let
Proof. A little care should be exercised, because the "naive" statement ∇ V Θ(A) = Θ(V (A)) does not hold. Essentially, the fiberwise density ν 2 used to define Θ is not parallel, while its volume (which was chosen to be 1) is. We can clearly reduce ourselves to proving the statement for
∂ acts faithfully on S( Φ N * Y ) (by specializing from Φ to scattering the action described above). On the graded ideals, the map Θ can be described in terms of these actions by
where π is the projection
, valid for any connection, the rest of the proof is straightforward.
We can now define the map K. This is done as in [35] along the lines of a map constructed in [33] .
Here Tr denotes the fiberwise trace of smoothing suspended operators as explained in Section 2. We will use this fact later on.
∂ ). Proof. The first two claims are straightforward, using Proposition 4.2. For the third, we use the strategy of [35, Proposition 5.4.9] to show that every cycle is homologous to a cycle that belongs to the image of Θ. Then the first two assertions together with the Hochschild-Kostant-Rosenberg theorem yield the result.
The first two statements of Proposition 4.4 show that (17) commutes. From (17) it follows that Θ is injective on HH( 
However, the proof from [14] is quite inexplicit, since it makes use of aČech complex adapted to Hochschild homology. We can give a better proof of this result in the scattering case.
Form the spectral sequence ∂ E with respect to the boundary filtration. We have just seen that
We claim that, up to sign, 
sc is the scattering Poisson bracket.
We now note that the isomorphism * sc splits according to x-degree as follows:
The homology of homogeneous forms in x is concentrated in homogeneity 0. Together with (21) , it follows that
o t h e r w i s e .
Thus,
The convergence of these spectral sequences follows from Corollary B.9. Now a map between filtered complexes that induces an isomorphism on E ∞ is actually a quasi-isomorphism, provided the spectral sequences are convergent [24] . We summarize these remarks as follows.
Theorem 4.6. The map Θ induces an isomorphism
inherits the filtration by the total x-order, and
Proof. For the last isomorphism in (23) we have used the Thom isomorphism.
The homology of the symbolic Φ-algebras
As Benameur and Nistor noticed [2] , the homology of the algebra of symbols of a large class of pseudodifferential algebras can be computed using the spectral sequence argument of Wodzicki [43] and Brylinski and Getzler [3] , [4] . In fact, this spectral sequence degenerates at E 2 . However, the convergence of this sequence is non-trivial because of the boundary filtration that plays a role in the definition of the Hochschild chain spaces.
For the algebra Ψ Z (M ), where M is a closed manifold, the convergence is almost tautological (see, however, Appendix B). It is also fairly obvious for the doubleedge algebra [14] , because of the vanishing of the double-edge Poisson bracket at the boundary. In the fibered cusp case, however, convergence is subtle. We prove in Appendix B a general convergence result which applies to this case, formalizing the corresponding result from [35] .
The Hochschild chain spaces C k ( Φ A σ ) admit a filtration given by the total operator order of the factors in the tensor product. This filtration is compatible with the boundary map; hence it induces a spectral sequence
1 term is just the homology of the graded algebra, which in turn is isomorphic to a space of exterior forms, the isomorphism being given by the Hochschild-Kostant-Rosenberg map:
where as usual the subscript [i] in Λ *
[i] stands for the space of homogeneous forms of degree i with respect to the natural R + -action along the fibers of Φ T * X \ {0}. We claim that up to sign the boundary map d 1 equals * Φ d * Φ , where * Φ = (ι * Φ ) −1 * ι * Φ , and * is the symplectic duality operator on T * X [3] . Indeed, this can be proved as in [4] , using the form of the Poisson bracket (5). In fact, this claim also follows from the corresponding result in [4] for the interior of X, and then by continuity at the boundary.
Notice now that * Φ splits according to homogeneity:
and that the de Rham cohomology of homogeneous forms is concentrated in homogeneity 0. Indeed, on Λ *
[p] , contraction with the radial vector field R in the fibers of Φ T * X is a homotopy between pI and 0. It follows that (24)
This proves in particular the degeneracy of the spectral sequence, because all the higher differentials d k for k > 1 must vanish. We must prove convergence; that is, we must show that the σ E ∞ terms are isomorphic to the graded groups associated to HH( Φ A σ ) with respect to the symbol filtration. This is unfortunately not obvious: the E 0 term of the spectral sequence has infinitely many nonzero components along the diagonals {(i, j) ∈ Z 2 ; i + j = constant}. So standard diagram chasing will produce infinite sums of Hochschild chains. Such sums make sense (i.e., are asymptotically summable) only if they are uniformly bounded in the three filtrations from Appendix B. Moreover, as for any spectral sequence, we only get information about filtration quotients of the homology; we include in the definition of convergence the condition that the "residual" part of the homology (i.e., those classes that admit representatives of arbitrarily low filtration order) vanishes.
We are going to prove the convergence of ) of the Hochschild complex of
Proof. This result is essentially contained in [33] . Consider the short exact sequence of algebras
where B sus is the ideal of those symbols in
that vanish rapidly at the vertical sub-bundle of Φ T * X, and (25) serves as the definition of the algebra F sus . This short exact sequence induces long exact sequences of σ E 1 terms, but these actually decompose as short exact sequences of homogeneous differential forms
Thus we get long exact sequences both on the σ E 2 terms (from the short exact sequences of σ E 1 terms) and on Hochschild homology (induced from (25) by Hunitality of B sus ).
There exist many exterior derivations on the algebra
, namely the covariant derivatives ∇ V of Section 4, for V either equal to ∂ x or a vector field with polynomial coefficients on Φ N Y . These derivations act on the Hochschild complex by contraction and by Lie derivative (see [20] ). These actions descend to Hochschild homology and to the spectral sequences, and they commute with the differentials.
Since the polynomial functions f on Φ N Y and in the variable x are central in
, we can define an "exterior product" action of such a function f on the Hochschild complex by
Again, this operation commutes with the Hochschild boundary map, and hence with all differentials in the spectral sequence. It is straightforward to check that, for a polynomial function f as above,
where V (f ) is the V -derivative of the function f in the direction of the vector V . Also, on Hochschild homology, e ∇U e ∇V = −e ∇V e ∇U . This was shown by hand in [35] , but it follows directly from the product structure of Hochschild cohomology HH * (A, A) and its action on homology (we are grateful to Colin Ingalls for this argument). 2 terms vanishes. Inductively, we get a long exact sequence of σ E p terms that actually splits into short exact sequences, for p ≥ 1. The Five Lemma shows that
By Corollary B.8 we see that H3 is fulfilled. Now we use the notation of Appendix B to prove H1.
Proposition 5.2. Let a ∈
is closed, since a is a cycle, and it is exact because k − i = N . Moreover,
where α is the canonical 1-form on T * X. By Lemma B.7 the form ι *
Thus H1 also holds for 
Proof. The isomorphisms follow from Theorem B.4. By analyzing the Φ-symplectic duality operator * Φ (the homogeneities given in (22) are valid for absolute forms with symbol coefficients as well) and by Lemma B.7, we get the indices with respect to the boundary filtration as claimed.
We remark that the long exact sequence in Hochschild homology (which exists since Φ I σ is H-unital) coincides with the long exact sequence of σ E 2 terms induced from the short exact sequence of σ E 1 terms, which is just the de Rham absoluterelative cohomology long exact sequence.
The boundary sequence
In order to compute HH( Φ A ∂ ), consider the short exact sequence of algebras (26) 0
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We have already computed the homologies of the two extremal algebras. By Hunitality of Φ I ∂ (an issue that we are not going to stress here), there exists a long exact sequence in Hochschild homology induced from (26) . This long exact sequence is completely determined by the boundary maps (27) δ k :
When looking at the associated graded algebras with respect to the boundary filtration, the result is quite simple, in the sense that all boundary maps vanish. We have already mentioned this fact in Proposition 5.1. This says basically (as shown in [33] ) that there is no analog of the index map for suspended operators. It follows that the boundary maps δ decrease the boundary filtration order by at least 1. The only relevant dimensions are for k ≤ n + 2; otherwise HH k−1 ( 
Now use the Thom isomorphism between Schwartz-coefficient de Rham cohomology and cohomology of the base with coefficients in the orientation bundle:
Now let Q be a positive Φ-operator of order (1, 0) and let Q z be its complex powers. The construction of complex powers in the Φ-setting is briefly discussed in Theorem 7.1. Notice the identity
where e log Q (A) is the action of the exterior derivation A k → [log Q, A k ] on the Hochschild complex given explicitly by (see also [20] )
We can then write
+Res z=0
, where the subscript [0] denotes the part of homogeneity 0 in x. We first examine the second term in (28) . By Fubini's formula, it equals
.
We claim that this is just
Indeed, * φ HKR(Q z e log Q (A)) is a form with symbol coefficients on Φ T * X of homogeneity z. So the residue only depends on the principal symbol and is given by the above formula by a standard computation in Wodzicki-type formulas.
We claim now that the first term in (28) vanishes in cohomology, i.e., it is exact. This would be clear if b(Q z A) [k−n] were equal to 0, since in that case the same computation that gives
This holds for values of z of small enough real part. By the Hodge theorem, the space of exact forms is closed in the C ∞ topology; hence the regularized value at z = 0 is also exact. (29) is shown to be valid at z = 0 as in [35] . We summarize what we have obtained so far.
Proposition 6.1. In terms of the identifications of Theorems 5.3 and 4.6, the boundary map (27) is given by
The two copies of S 1 in Theorem 5.3 correspond to a concentrated way of writing the de Rham cohomology of homogeneous forms in the variables x and r. By Proposition 6.1 the boundary map sends
r to 0; hence (from the long exact sequence induced by (26) ) this space lies in the image of the canonical map HH k (
The dimension of the sphere fibers of the fibration Φ S * X| ∂X → ∂X equals the dimension of the base, and so from the Leray spectral sequence it follows that Φ S * X| ∂X is cohomologically a product:
We get from here a characterization of HH(
be the push-forward map (integral along the fiber)
Theorem 6.2.
Proof. In the long exact sequence induced by (26) we write HH k ( Φ A ∂ ) as ker(δ k ) ⊕ coker(δ k+1 ). These spaces were identified above. Proof. From Theorem 6.2 for k = 0 we get
Only the last equality needs some explanation. The integral map
is an isomorphism. The same is true for
We remark that the boundary map and the homology of Φ A ∂ depend strongly on the geometry of the boundary fibration.
Traces and generalized residues of the fibered cusp calculus
The computations of the previous sections show that dim C HH 0 (A) = 1 for 
For A ∈ Ψ m0,k0 Φ (X), we let Z N ,Q (A) be the meromorphic extension of the holomorphic function
which exists by Proposition 7.2; then (λ, z) → zλZ N ,Q (A)(λ, z) is regular in a neighborhood of 0 ∈ C 2 , and we can define Tr ∂,σ (A), Tr ∂ (A) and Tr σ (A) by
where W, W , W are holomorphic near 0 ∈ C 2 (and not unique!). Because of
we could have used in (30) also the zeta function
Furthermore, let ω Φ be the canonical singular symplectic form on Φ T * X, and let us denote by i R (resp. i x 2 ∂x ) the contraction with the radial vector field R in the fibers of Φ T * X (resp. with the canonical vector field x 2 ∂ x , normal to the boundary). Recall that σ :
Φ T * X → R + denotes a defining function for the Φ-cosphere bundle Φ S * X. Moreover, the pull-back of the boundary defining function N : X → R + under the projection Φ T * X → R + yields a defining function for the face Φ T * X| ∂X , again denoted by N for simplicity.
In the rest of this section, we summarize the properties of the functionals Tr ∂,σ , Tr ∂ , and Tr σ . 
Thus, Tr ∂,σ defines a trace functional on
The "unique" traces on
are then given by the composition of Tr ∂,σ with the natural projections 
To understand the functional Tr σ , we need to extend the integral
Then H N (f ) is holomorphic and admits a meromorphic extension H N (f ) to the complex plane with at most simple poles at 
is holomorphic, admits a meromorphic extension G N to the complex plane with at most simple poles at z = k 0 + n + 1 − j, j ∈ N 0 , and from (30) 
is holomorphic in the domain {λ ∈ C : Re λ > M + N }, and admits a meromorphic extension to the whole plane with at most simple poles at λ = M + N − j, j ∈ N 0 . Let us denote by Tr Q ∂X ( h) the regularized value of F Q ∂X ( H) at λ = 0. By the very definition, Tr Q ∂X is an extension of Tr that, however, depends on the choice of the family Q ∂X .
Proposition 7.6. The restriction Tr
For fibered cusp operators A of arbitrary order that vanish sufficiently fast at the front face, we also have a nice formula for Tr ∂ (A).
(X) be arbitrary, and suppose that the class
Proof. Consider AQ −λ for λ ∈ C with Re λ > m 0 + N . Then the function
is holomorphic, admits a meromorphic extension H Q to the complex plane with at most simple poles at λ = m 0 + N − j, j ∈ N 0 , and from (30) we see that Tr ∂ (A) coincides with the regularized value of H Q at λ = 0. Exactly as in Proposition 7.6 we see that we have Tr ∂ (AQ −λ ) = Tr( B(λ) −(n+1) ) where the residue class of
∂X , and a further look at the definition of Tr Q ∂X ( A −(n+1) ) completes the proof.
Let us point out that the expression for Tr ∂ (A) for A ∈ Ψ m,k Φ (X) with arbitrary k ∈ Z is more complicated.
Computation of the index
Recall from [23] A slight extension of this construction is carried out in [35] for a fully elliptic operator between sections of arbitrary vector bundles E, F . Replace the cycle A⊗B with Tr(i 1 AP 2 ⊗ i 2 BP 1 ), where P 1 , P 2 are projections from a trivial bundle C q to E, F , i 1 , i 2 are embeddings in C q , and Tr is the generalized trace functional that induces Morita invariance, Tr((a ij ) ⊗ (b ij )) = a ij ⊗ b ji . Of course, Morita invariance does not apply in this general case, since operators from E to F do not form an algebra. Now we formally follow the computation from [34] modified in [16] and applied in a similar situation in [14] , and get the following result. The proof is included for the benefit of the reader. 
Here f log N and e log N are actions of the derivation [·, log N ] on Hochschild 1-chains, namely
Proof. Let C be a lift of c to To avoid introducing heavy algebraic notation, write formally C = U ⊗ V . Then
, where The local term can be identified with the coefficient of t 0 in the asymptotic expansion of the heat kernel of A * A, AA * (this is a universal local expression in the full symbol of A, and so we do not need to construct the heat kernel of Φ-operators in order to define it). We are able to determine the non-local term Tr ∂ (A[B, log N ]) explicitly in geometric terms for certain differential operators on manifolds whose boundaries fiber over the circle S 1 . Fix a connection in the boundary fibration, i.e., a rule for lifting horizontal vector fields. Fix a product Φ-metric on X, i.e., a smooth metric on the interior of X that with respect to local product coordinates close to the boundary looks like (32) dx
x 2 + g, where σ is the variable in the circle and g is a family of metrics on the fibers of φ, independent of x. Let E ± → ∂X be vector bundles with fixed Hermitian metrics and compatible connections ∇. Let E, F → X be vector bundles such that
Φ (X; E) be an elliptic Φ-differential operator of order 1 which near the boundary (for x < ) has the form
where D is a family of invertible operators on the fibers of the boundary,
Tr(L ∂σ g), and σ(x) is a linear isomorphism of E + ⊕ E − that depends on x. This hypothesis is motivated by the fact that when the manifold X and the fibers of the boundary are spin manifolds so that the spin structures on X and on the fibers are compatible, a twisted Φ-Dirac operator on X with respect to the metric (32) has this form.
Theorem 8.3. Under the above assumptions we have
where the second term is the adiabatic limit of the eta invariant of the operator
For twisted Dirac operators we identify the local term with the characteristic formÂ(X)ch(T ), whose integral on X is convergent. A related formula has been obtained by Nye and Singer [38] for the Dirac operator on X = S 1 × R 3 , where the boundary fibration is the projection S 1 × S 2 → S 2 . The result announced above requires a sophisticated proof that will be given in [13] .
Appendix A. Symbolic and Schwartz sections of vector bundles
For the convenience of the reader, we recall briefly the definitions of symbolic sections and Schwartz sections of certain vector bundles. An important notion for that is the radial compactification of a vector bundle [28] .
It is easy to check that the radial compactification map Now let V be an N -dimensional vector space, and V := V (V \ {0})/R + . We want to introduce a differentiable structure on V . Choose a linear isomorphism T : V → R N , and consider
Then T is a well-defined bijection that gives V the structure of a differentiable manifold with boundary, diffeomorphic to S 
the differentiable structure on V does not depend on the choice of the map T .
Everything obviously varies smoothly with parameters; thus, the same construction carries over to smooth vector bundles. Let X be a compact manifold with corners, and π : V → X a smooth vector bundle of rank N . Then there is a unique differentiable structure on V := V (V \ {0})/R + such that π : V → X becomes a smooth fiber bundle; for each q ∈ X, the fiber π −1 (q) is obtained by radially compactifying the fiber π −1 (q). The bundle V is called the radial compactification of V , whereas the boundary component S(V ) := (V \ {0})/R + of V is said to be the sphere bundle of V .
Now let E → X be another vector bundle over X. Note that there are canonical embeddings RC : V → V and RC * : π * E → π * E such that the following diagram commutes:
Let σ : V → R + be a defining function for the boundary face S(V ) of V . A section s : V → π * E is said to be a Schwartz (resp. classical ) symbol of order m ∈ C provided it is the pull-back under RC of a sections :
for the space of all Schwartz functions (resp. symbols) of order m. Moreover, in the paper we use the space
of smooth functions on a manifold with boundary or with corners, with Laurent behavior at some boundary hypersurfaces. In that case the continuous Hochschild homology is isomorphic via the HKR map to the space of exterior forms on the manifold, with Laurent behavior at the same hypersurfaces. The map HKR also computes the homology of the field of Laurent series in one variable, the ring of Laurent series in several variables and of polynomial rings; we implicitly assume these facts in the body of the paper.
Since the product in the topological algebra Ψ Z,Z Φ (X) is only separately continuous, we cannot directly apply the definition of continuous Hochschild homology as it is defined for instance in [6] . Instead, we use in a particular case the concept of Hochschild homology for topological filtered algebras formally introduced by Benameur and Nistor [2] to cover exactly the case of pseudodifferential operators. The definition (35) of the chain spaces can be traced back to [4] .
Let A be a bi-filtered algebra with topology with two increasing filtrations We emphasize that our definition is less general than the one considered in [2] . Since for fixed i, j the product map A j,j ⊗ A j,j → A is continuous, one defines the continuous Hochschild chain spaces as
Our innovation consists in introducing three filtrations on C k (A), in the following way: a pure tensor a = a 0 ⊗ . . . ⊗ a k is said to belong to the linear space c 
This lemma is proved using diagram chasing. The essential step in the proof is summing β i+p−1 + . . . + β i inside C i+p−1 . As long as the sum is finite, there is of course no problem. However, diagram chasing for other ingredients of convergence will involve summing infinite series of chains of descending filtration orders. This is in principle impossible, since the other filtrations might go up! So we must analyze each step of the diagram chasing very carefully.
Let N ∈ Z be fixed. We assume that for any i, j ∈ Z, j ≥ j, i ≥ i and l ≥ 1 + max(i + δ i 0 , j + δ 0 j ), the following assumptions hold for the complex C (these will be checked individually for the Hochschild chain complexes of the fibered cusp symbol algebras): Setting β q := β q + β q , we complete our induction argument. By H6, the series β q is asymptotically summable; so set β := There is something very nontrivial about this proposition. Even without caring about the third index (which is annoying but not serious), a simple application of H1 would yield a chain β ∈ C i+1,j+1;l such that d(β) + α ∈ C i−1,j+1;l . Then diagram chasing to write α as a boundary would lead to an infinite series of chains of decreasing order in i, but increasing in j. It is fortunate that we can reduce back the second index in the Φ-case (mainly thanks to the fact that H3 holds in this case), but we believe that for a multi-fibration pseudodifferential algebra this would not be possible. So we have found a Hochschild cycle α that maps to A under the edge map (36) , which means that the edge maps are isomorphisms (we have seen above that they are injective). Now we prove the vanishing of the "residual homology" i∈Z HH k (A) i . In fact, we prove directly that HH k (A) [ we allow a finite number of such exceptional N 's. This is needed, for instance, for convergence in the case of the adiabatic algebra [35] .
We are now going to establish some sufficient conditions for a topological filtered algebra and the associated symbolic spectral sequence to satisfy the conditions H3, H4, and H5. So for the rest of this section we assume that A
[Z],Z is isomorphic as an algebra to C[ρ, ρ The last result is implicitly used in [4] .
